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Let us consider the ternary quartic forms, i.e., the homogeneous 
polynomials of degree 4 in three variables, with complex coefficients. The 
set of these forms is a complex vector space V, of dimension 15. Let C[ V] 
be the algebra of complex polynomial functions on V. Let @[VI, be the set 
of homogeneous elements of degree n in @ [ V]. Then @ [ V] = @ ,, h ,, @ [ V] ,I 
is a graded algebra. 
The group SL(3, C) operates in a natural way in V, hence in C[ V], 
leaving stable every C[ VI,. Let d be the set of elements in C[ V] which 
are invariant under X(3, C). Then d is a graded subalgebra of @[VI, the 
algebra of projective invariants of quartic plane curves. Let 
G$ = d n C[ V],. Note that &” = 0 when n is not divisible by 3 : one just 
has to use the fact that an element of d is invariant under the scalar 
matrix exp(2ilr/3). I. 
The analogous algebra for tonics and cubits has been well known since 
the 19th century. For tonics, it is a polynomial algebra with one generator 
of degre 2. For cubits, it is a polynomial algebra with two generators of 
degrees 4 and 6. The case of quartics is much more complicated. One finds 
some information, which we will use, in [S]. The first general result, to my 
knowledge, is due to Shioda [6], who gave the Poincart series of d. This 
series is a rational function, with denominator 
(1 -z3)(1 -z6)(1 -z’)(l -z12)(1-2’5)(1 -2’8)(1-2*‘) 
and with numerator 
1 + z9 + z12 + z15 + 2z1* + 3z2’ + 2z24 + 3z2’ + 4z30 + 3z33 + 4z36 
+ 4z39 + 3z42 + 4z45 + 3z48 + 2z5’ + 3z54 + 2z5’ + z60 + z63 + P6 + z75. 
Considering this result, Shioda stated very precise conjectures concerning 
the structure of &’ [6, p. 10461. We will prove the first of these conjectures: 
d admits a homogeneous system of parameters, of degrees 3, 6, 9, 12, 15, 18, 
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27. (Our result will be more precise, since we will exhibit an explicit system 
of parameters with these degrees.) 
Let &” be the graded subalgebra of ,d generated by these seven 
invariants (which are algebraically independent). Since d is a 
Cohen-Macaulay algebra (the Hochster-Roberts theorem), the preceding 
result implies that .d is a finitely generated free module over &‘. Let r be 
its rank. Let (J1, J2 ,..., J,) be a basis of & over &!‘, with Ji homogeneous of 
degree E, (and J, = 1, E, = 0). Then, the Poincare series of .a/ is 
Comparing with Shioda’s value, we see that r = 50, and we have the values 
of the si’s. 
As a consequence, the algebra G! is generated by at most 56 elements. 
The second Shioda’s conjecture says that & can be generated by 13 
elements. So the bound 56 is probably much too high. However, no 
majorant was known up today, except the majorant obtained by Popov for 
all representations of all semisimple groups [4]; in our specific case, this 
majorant is very high. 
1. NOTATIONS, AND SOME KNOWN RESULTS 
1.1. Let s, I: z be the canonical coordinates in C3, and U, v, w  the dual 
coordinates in (C3)*. An element cp of V will be written 
(1) 
with a, b,..., p E G. If 50 is not identically 0, let r+, be the quartic curve with 
equation cp = 0 in the projective plane. 
1.2. The vector space d3 is of dimension 1, with the following 
generator: 
Z,(q) = I, = aep + 3(al’ + ej’ +pc2) + 4(bim +fdn) 
-4(ain+efm+pbd)+6cjl+ 12(ck’+jjr’+Ig’)- 12ghk 
- 12(bkl +Jhl+ dkj + igj + mhc + ngc) + 12( gdm + hnb + kf) 
(cf. [S, p. 2641). 
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1.3. The vector space S& is of dimension 2, with the following generator 
modulo d:: 
acjgfb 
celihd 
\ r jlpnmk 
)=I,= 
n I k h 
;n mkjg 
bdkhgc 
(cf. [S, p. 2651). 
1.4. Let 1*,((p), or simply I,,, be the discriminant of the form (1). Then 
I,, is a nonzero element of J&. 
1.5. One knows that a binary quartic form 
5 = cix4 + 4Bx3y + 6yx2y2 + 46xy3 + cy4 (a, /?,..., E E ‘C) 
has the third degree invariant 
with the following geometrical interpretation (assuming < not identically 
zero): the invariant is zero if and only if the roots of 5, considered as points 
of the projective line, form a harmonic range. Starting from that, a process 
due to Clebsch gives a contravariant of cp (for the terminology, see [ 1, 
p. 761): assuming cp not identically 0, one considers the intersection points 
of r,,, and the line ux + vy + wz = 0 (assuming the line not contained in r,), 
and one writes that these four points form a harmonic range. One gets a 
sixth degree form with the variables U, u, w, which will be denoted $9, or 
simply $; its coefficients are of degree 3 in a, b,..., p. (We will need the 
explicit computation of II/ only in special cases). The equation I+$ = 0 is the 
tangential equation of the envelope of the lines considered above (cf. [S, 
P. 781). 
1.6. Let cp operates on +. That means that we transform I++ by the 
differential operator 
4 
a&+4b 
a4 
-+6c au3av 
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One gets a contravariant of cp, which is quadratic in U, v, M’; it will be 
denoted pV, or simply p; its coefficients are of degree 4 in a, 6,..., p. (This 
contravariant is mentioned in [S, p. 272, 1. 11.) 
1.7. Let p operates on 9. That means that we transform cp by the dif- 
ferential operator A(a*/Jx’) + 2p(a*/a.u ay) + . . if p = 3~’ + ~~LUV + . . One 
gets a covariant of cp, which is quadratic in X, y, Z; it will be denoted t,, or 
simply z; its coefficients are of degree 5 in a, b,..., p. (This covariant is men- 
tioned in [S, p.273, I. 18-191). 
(One must be aware that another quadratic covariant of cp, with coef- 
ficients still of degree 5 in a, b,..., p, is mentioned in [5, p. 271, 1. 32-331. If 
one replaces r by this new covariant in what follows, one does rrot get a 
system of parameters of &.) 
1.8. An element cp of V is said to be zrnstahle (with respect to the 
SL(3, C)-action) if it satisfies the following two equivalent conditions: (i) 
every homogeneous nonconstant element of .d is zero at cp; (ii) there exists 
a one-parameter subgroup t~$f) (TV C*) of SL(3, C) such that 
E.(t) cp + 0 when r + 0. 
Hilbert gave a graphical trick to decide when q is unstable. Consider the 
array of points 
. . . . . 
. . 
. . . 
. . 
. 
and let us name these points u, b,..., p to match the coefficients of cp as in 
(1). Then cp is unstable if and only if the following condition is satisfied: 
After a suitable change of coordinates in the expression of cp, one can draw 
a line from the center of the big triangle above, in such a way that all coef- 
ficients a, b,..., p lying on a certain side of the line or on the line are zero 
[3, pp. 335-336-J. 
2. SYSTEMS OF Two QUADRATIC FORMS 
2.1. We still denote by x, y, -? the canonical coordinates on C3, and by 
U, v, MI the dual coordinates in (C3)*. Let us consider the quadratic forms 
in x, y, Z: 
rj = Ax2 + 2Bx~v + Cy’ + 2D.uz + 2Eyz + Fz’ 
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(A, IS,..., FE C). The set of these forms is a six-dimensional complex vector 
space W. The set of quadratic forms in U, V, w, 
( = A’u’ + 2B’uv + C’v’ + 2D’uw + 2E’vw + Fw*, 
can be canonically identified with the dual W* of W. The group SL(3, C) 
operates naturally in W, in W*, whence in W@ W*, whence in 
@[We W*], which is a bigraded algebra. Let g be the set of X(3, C)- 
invariants in C[ W@ W*]. Then &? is a bigraded subalgebra of 
a=[ wg w*1. 
2.2. The discriminant of q (resp. [) is an element of 6B, of bidegree (3,O) 
(rev. K43)); denote it J3.0(r) = J3,0(yl, 0 (rev. Jo,3(i) = Jo.,(rl, iI). Let 
J,,,(r,-, () = AA’ + 2BB’ + CC’ + 200’ + 2EE’ + FF’; 
this is an element of a of bidegree (1, 1). 
Consider the tangential equation of the conic with equation q = 0; we get 
a well-known contravariant of q: 
tj* = ( E2 - CF) u2 + 2( BF - DE) uv + ( D2 - AF) v2 + 2( CD - BE) uw 
+ 2(AE- BD) VW + (B2 - AC) w2. 
In the same way we get the following covariant of [: 
Let 
[* = (E’2 - C’F’) x2 + . . . $ (B’* - A’C’) z2, 
J2.2h i) = J,.,(i*T ?*I 
= ( E2 - CF)(E’* - C’F’) + . . . + ( B2 - AC)( B’2 - A’C’). 
This is an element of SI of bidegree (2,2). 
The algebra 5?+9 is a polynomial algebra of dimension 4, generated by J,,O, 
J 0.35 J,,, T J2,2 (cf. [2]); but we will not use this fact. 
2.3. LEMMA. Let n E W- {0}, 4’ E W* - (0). Let r,, be the conic with 
equation n = 0, ri the conic with tangential equation [ = 0. Let us consider 
the following conditions: 
(i) r,, is the union of two lines A, A’ (which may be equal), Tr is the 
union of two points IC, 71’ (which may be equal), and one of the points II, rc’ 
belongs to A n A’. 
(ii) r,, is the union of two lines A, A’ (which may be equal), r, is the 
union of two points IT, rtr (which may be equal), and one of the lines A, A’ 
goes through n and IL’. 
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(iii) J3,drl~ 0 = Jdc 0 = J,,,(r, 0 = J2,2(vly 0 = 0. 
Then : 
(iii) 0 ((i) or (ii)). 
The implications (i) * (iii), (ii) * (iii) are very easy; since we will not use 
them, we leave the proof to the reader. 
Let us assume that condition (iii) is verified. Let us prove (i) or (ii). 
Since J&q, [) = J,,,(q, [) = 0, T,, is the union of two lines A, A’, and r, is 
the union of two points x, 71’. 
Case 1. A #A’. One may assume, by a change of coordinates, that 
q =xy. The equality J,,,(q, [) =0 gives B’=O. One has yl* = w*. The 
equality J,,,(q, i) gives B’* - A’C’=O. Then B’=A’=O, or B’=C’=O. 
Exchanging x and y (and so u and u) if necessary, we may assume B’ = 
A’=O. Then 
If C’ = 0, one has [ = w(2D’u + 2E’v + Fw), and condition (i) is satisfied. If 
D’ = 0, one has [ = C’v* + 2E’vw + Fw*, and condition (ii) is satisfied. 
Case 2. A = A’. One may assume that q = x2. The equality J,,,(q, [) = 0 
gives A’= 0. Then [( 1, 0,O) = 0; in other words, A goes through n or rr’. 
Condition (ii) is satisfied. 
2.4. LEMMA. Let (q, C)E Wx W*, such that J&v, [) = J,,,(q, [) = 
J,,,(rl, 0 = Jz.z(rl, i) = 0. 
(i) If we are in case (i) of Lemma 2.3, one has 
A’A* + 2B’AB + C’B* + ZD’AD + 2E’BD + F’D’ = 0 (2) 
A’AB+B’(AC+B2)+C’BC+D’(AE+BD)+E’(BE+CD)+F’DE=0 
(3) 
A’B’ + 2B’BC + CC* + ZD’BE + 2E’CE + FE* = 0 (4) 
A’AD + B’(AE+ BD) + C’BE + D’(AF+ D*) + E’(BF+ DE) + FDF= 0 
(5) 
A’BD+B’(BE+CD)+C’CE+D’(BF+DE)+E’(CF+E2)+F’EF=0 
(6) 
A’D2 + 2B’DE + C’E2 + 2D’DF+ 2E’EF+ F’F* = 0. (7) 
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(ii) If we are in case (ii) of Lemma 2.3, one has 
AA’* + 2BA’B’ + CB’* + 2DA’D’ + 2EB’D’ + FD’* = 0 (8) 
AA’B’ + B(A’C’ + B’*) + CB’C’ + D(A’E’ + B’D’) 
+ E( B’E’ + C’D’) + FD’E’ = 0 (9) 
. . . 
AD’* + 2BD’E’ + CE’* + 2DD’F + 2EE’F + FE”* = 0. (13) 
Assume that we are in case (i) of Lemma 2.3. Consider the derivatives of 
q with respect to x, y, z: 
2( Ax + By + Dz), 2( Bx + Cy + Ez), 2( Dx + Ey + Fz). 
The equation Ax + By + Dz = 0 is verified at every double point of r,,. The 
same is true for equations Bx + Cy + Ez = 0, Dx + Ey + Fz = 0. Hence, for 
every 1, p, v E C, the same is true for the equation 
(~A+~B+~D)~+(IB+~C+VE)~+(~D+~E+VF)Z=~. 
In particular, this last equation is satisfied at K or n’. Therefore 
(AA + pB + vD, LB + PC + vE, AD + pE + vF) verifies the equation [ = 0; in 
other words, 
A’(liA+pB+vD)*+2B’(IA+pB+vD)(~B+pC+vE) 
+ C’(lB + pC + vE)* + 2D’(nA + pB + vD)(IzB + pC + vE) 
+ 2E’(AB + pC + vE)(lD + pE + vF) + F’(ID + ,uE + vF)* = 0. 
In writing that the coefficients of A*, R,u, p*, Rv, pv, v* are zero, we get 
Eqs. (2),..., (7). The proof of (ii) is analogous. 
3. DEFINING FOUR NEW INVARIANTS OF QUARTICS. 
STATEMENT OF THE MAIN RESULT 
3.1. We consider again the situation of Section 1. Let us apply to T and 
p the results of Section 2. We get the following invariants of q, 
Jl,l(? P)? Jo,AP), J3,d~h 52,2(5 PIi 
with respect to a, b,..., p, their degrees are 
5+4=9, 0+3-4= 12, 3*5+0= 15, 2.5+2.4= 18. 
We will denote them by IV, I,,, I,,, I,,. 
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3.2. THEOREM. The set of invariants {Z3, Z6,Z9,ZIZ, Z,,,Z,,,Z,,} (cf: 1.2, 
1.3, 1.4, 3.1) is a system of parameters for the algebra d. 
4. PROOF OF THEOREM 3.2 
4.1. Up to theend, we fix (PE Vsuch that Z,=Z,=...=Z,,=O. We will 
prove that cp is unstable. The theorem will then be proved [3, t.2, p. 2991. 
4.2. We may assume that cp # 0, and so consider the curve Z= Z,+. Since 
I,, = 0, Z has a multiple point. If f has a multiple point of order 3 3, we 
may assume that this point is (0, 0, 1 ), and we then have j = k = I = m = 
n =p = 0, so that cp is unstable by 1.8. So from now on we will assume that 
(0, 0, 1) is a double point off. Then we have m = n =p = 0. 
4.3. In 4.3, 4.4, 4.5, we will assume that the two tangent lines to f at 
(0, 0, 1) are equal. We may assume that the double tangent is the line x = 0. 
Then 
(14) 
and j # 0; so, by a change of coordinates, we may assume 
j= 1. (15) 
4.4. Let us assume that i = 0. The equality I, = 0 gives, taking (14) and 
( 15) into account, 
3e + 12h’ = 0. (16) 
Let us make the following change of coordinates: 
x = x’, y=y’, 2 = -7’ + !xx’ + Py’. 
Then 
cp = axI + 4bxf3y’ + 6cx”y” + 4dx’y13 + eyt4 
+ (4$~‘~ + 12gx”y’ + 12hx’y”)(z’ + KY + by’) + ~x’~(z’ + cl-x’ + by’)2 
= a’xf4 + 4b’Y3y + 6c’x”y” + 4d’x’y’3 + e‘yf4 
+ 4( f + 3c() x’3z’ + 12( g + B) .~‘~~v’z’ + 12hx’y”z + 6x12=12. 
Choosing 3a = -f, B = -g, we are reduced to the case 
f=g=O. (17) 
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Then, taking (14), (15), (17) into account, 
O=I,= 
UClOOb 
ceOOhd 
100000 
OOOOOh 
Oh0010 
IbdOhOc 
e 0 h 
c-h h 0 1 =h*(e-A*). 
d h 0 
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Taking (16) into account, we get e = h = 0. Then cp is unstable by 1.8. 
4.5. Let us assume that i#O. By a change of coordinates, we may 
assume, without losing (14) and (15), that 
i= 1. (18) 
Let us make the following change of coordinates: 
x=x’, y=y’+ctx’, z = z’ + /?x’ + yy’. 
Then 
cp = UX’~ + 46~‘~( y’ + crx’) + ~cx’~( y’ + crx’)* + 4dx’( y’ + ax’)) + e( y’ + CXX’)~ 
+ 4fx’3(z’ + Bx’ + yy’) + 12gx’2( y’ + crx’)(z’ + px’ + yy’) 
+ 12hx’( y’ + LXX’)~ (z’ + /lx’ + yy’) 
+ 4(y’ + c(x’)~ (z + fix’ + yy’) + 6x’*(z’ + /?x’ + yy’)* 
= u’x’~ + 4b’~‘~y’ + 6c’x’*y’* + 4d’x’~‘~ + ey’4 
+ 4(f+ 3gu + 3ha* + a3 + 3p) xr3z’ + 12( g + 2ha + CC* -t y) x’*y’z’ 
+ 12(h + cx) x’y’*z’ + 4~‘~z’ + 6x’*z’*. 
Choosing c( = -h, y = -g - 2hcr - a2, 38 = -f - 3gc.t - 3ha2 - ct3, we are 
reduced to the case 
f=g=h=O. (19) 
The equality Z3 = 0 gives e = 0. Also taking (14), (15) (18) (19) into 
account, the equality I6 = 0 gives 
o= 
aclOOb 
cOOlOd 
100000 
010000 
000010 
bdOOOc 
= c. 
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cp = ax4 + 4bx3y + 4dxy3 + 4y3z + 6x*;*. 
Let us compute $ according to 1.5. Consider the intersection of r with the 
line ux + vy + z = 0 (to begin with, we assume w = 1). We must consider the 
binary quartic form 
ax4 + 4bx3y + 4dxy3 + 4y3( - ux - uy) + ~X*(UX + VY)~ 
= (a + 6~‘) x4 + 4(b + 3240) x’y -t ~V*X~JJ~ + 4(d- u) xy3 - 4~4’~. 
We take its invariant 
a+6u2 b+3uv v2 
b-i-3uv v* d-u 
V2 d- 14 -4v 
= -v6 + 6u’v3 - 61.4~ + 6duv3 + 12du3 + 22buv’ - 4av3 
- (a + 6d2) u* + 26 dv’ + 2a du + 4b2v - ad’. 
Hence we have, going back to the case where M’ is arbitrary, 
$ = -v6 + 6u’v3w - 6u4w” + 6duv3w2 + 12du3w3 + 22buv’w3 - 4av3w3 
- (a + 6d2) u2w4 + 2bdv’w4 + 2aduw’ + 4b”vw’ - ad*w’. 
Then 
= -24~32~5~2+25~32~llduw-24~3”(4a+5d2)~~2 
- 524’ - 22duw + (4a + 5d*) w’. 
(Here, and later, a relation c( w p means that cc=Q with LE@- (O).) 
Hence 
&+(4a+5d2)$ 
- (9a + 5d2) x2 + 1Obxy - 44dxz + 5z*. 
Then 
0 = I, = J,.,(z, p) - (9a + 5d*). 5 + 2( -22d)( - 1 Id) + 5(4a + 5d*) 
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9a+5& 56 -22d 
O=Z,5=J3,0(t)- 5b 0 0 - b2, 
-22d 0 5 
whence 
We have 
0=65a+534&=b. 
p * - (20a - 96d2) y2 
(20) 
and, taking (20) into account, 
T* N (45a - 459d2) v2 
Then 
0 = I,, = J,,,(z, p) - (20a - 96d2)(45a - 459d2). 
So we have either 2Oa- 96d2 = 0 or 45a-459d2 = 0. Taking (20) into 
account, one sees that a = d = 0. Then cp = 4y3z + 6x2z2 is unstable by 1.8. 
4.6. From now on, we assume that the two tangent lines to r at 
(0, 0, 1) are distinct. We may assume that these tangent lines are x = 0 and 
y=O. Then 
j=l=m=n=p=O 
and k # 0, so that, by a change of coordinates, we may assume 
(21) 
k= 1. (22) 
Let us make the following change of coordinates: 
Then 
x=x’, Y =y’, z=z’+ax’+j?y’. 
cp = axt4 + 4bx13yy’ + 6cxr2yf2 + 4dx’yt3 + ey14 
+ (4fx’3 + 12gx’Zy’ + 12hx’y’2 + 4iy’3) 
x (z’ + ax’ + fly’) + 12x’y’( z’ + ax’ + By’)2 
= a’xt4 + 4b’x’3y’ + 6~‘x’~y’~ + 4d’x’y13 + e’yf4 
+ 4f~‘~z’ + 12( g + 2a) ~‘~y’z’ 
+ 12(h + 28) x’y’2z’ + 4iy’3z’ + 12x’y’z’2. 
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Choosing 2x = -g, 28 = -h, we are reduced to the case 
g=h=O. 
Then 
(23) 
cp = ax4 + 4bx3y + 6cx2y2 + 4dxy3 + ev4 + 4$x3= + 41y3_- + 12xy;‘. 
We have, taking (21), (22), (23) into account, 
o=z,= 12c+ 12fi, 
whence 
c +fi = 0. 
Then 
Ic e 0 i 0 d 
O=I,= 
000001 
0i0010 
f00100 
hdlOOc 
Ia cOOfb 
Ic e 0 iI a 
C 
a c 0 0 .f 
c e 0 i 0 
0 i 0 0 1 
fool0 
b d 1 0 0 
c 0 0 
e 0 i 
0 0 1 
d 1 0 
= 2fci -f ‘i2 + ae - c-, 
whence, taking (24) into account, 
ae = 4~‘. 
Let us compute $ as in 4.5. We consider the binary quartic form 
(24) 
(25) 
ax4 + 4bx3y + 6cx2y2 + 4dxy3 + ey4 - (4fx3 + 4iy3) 
x (24x + uy) + 12xy(#x + uy)2 
= (a - 4fu) x4 + 4(b -fv + 3~‘) x3y + 6(c + 4~) x2y2 
+ 4(d- iu + 3u2) xv3 + (e -4iu) y4. 
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We take its invariant 
a-4fu b - fu + 3u2 c+4uo 
b -fv + 3u2 c+4uv d-iu+3v2 , 
c+4uu d- iu + 3v2 e - 4iv 
whence 
$ = 8u3u3 + 12iu4uw + 12fuu4w - 9eu4w2 + 24du3uw2 
+ (24fi - 3ac) u2v2w2 
+ 24buv3w2 - 9av4w2 + (4fi2 - 6ci) u3w3 + (16bi- 1Oef) u2uw3 
+ (16df- 10ai) uu2w3 + (4f2i - 6cf) u3w3 
+ (6cd - 6be - ai - 8dfi) u2w4 
+ (4ae + 8bd+ lScf- 12e’) uuw4 + (6bc - 6ad- ef 2 - 8bfi) u2w4 
+ (4d2f - 4cef - 2bci + 2adi) uw5 + (4b’i - 4aci - 2cdf + 2bef) uw5 
+ (ace + 2bcd - c3 - b2e - ad2) w6. 
Then 
+4f,- auabw+4i 
w 16du2+8(4$-c)uu+ 16bu2+4(8bi-5ef)uw+4(8df-5ai)ow 
+ (ae + 16bd + 16cf - 17~’ + 4f 2i2) w2. 
Taking (24) and (25) into account, 
p w 16du’ - 4Ocuu + 16bu2 + 4(8bi - 5ef) uw 
+ 4(8df - 5ai) VW + (16bd - 25~~) w2. (26) 
Then 
Z- 16d-$-40c 
( 
a2 
-+ 16b ax ay $+4(8bi-Sef)& 
a2 
+ 4(8df - 5ai) - ay a2 + (166d-25c’); > 
cp 
-(gad- 12bc+ 16bfi- 10ef2)x2 
+ (48bd- 65~‘) xy + (8be - 12cd+ 16dfi- 10ai2) y2 
+ (48df- 20ai) xz + (48bi - 20ef) yz - 20cz2. 
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Taking (24) into account, 
T - @ad- 28bc - 10ef2) x2 + (48bd- 65~~) xy + (8be - 28cd- lo&*) y2 
+ (48df- 20ai) xz + (48bi- 2Oef) yz - 20~~‘. (27) 
4.7. Let us assume f = i = 0. From (24) and (25), we get c = ae = 0, so 
a = 0 or e = 0. Exchanging the roles of x and y if necessary, we may assume 
e=O. Then, from (26), 
p N du* + bv2 + bdw2. 
Since 0 = II2 = J0,3 (r, p) - b2d2, we get b = 0 or d= 0. If d = 0, cp is unstable 
by 1.8. Let us assume d# 0, and so b = 0. Then p - u2. From (27), we have 
r-ax’, Since 0 = Z9 = J,,,(r, p), we have a = 0 and cp is unstable by 1.8. 
4.8. In 4.8, 4.9, 4.10, we assume that one of the numbersf, i is zero, but 
not both. Exchanging x and y if necessary, we may assume i = 0, f # 0. 
With a new change of coordinates, we may even assume f = 1 (without 
changing (21), (22), (23)). From (24) and (25) we get c= ae=O, so a=0 
or e=O. 
4.9. In 4.9, we assume e = 0. If d = 0, cp is unstable by 1.8. Let us assume 
d # 0. With a change of coordinates, we may assume d = 1 without chang- 
ing the preceding conditions. Then 
cp = ax4 + 4bx3y + 4xy3 + 4x32 + 12xyz’. 
From (26) and (27), 
p-u2+bv2+2vw+bw2 
7 N ax2 + 6bxy + 6xz 
whence 
Then 
p*-(b2-l)x2+by2-2yz+bz* 
7* - v2 - 2bvw + b2w2. 
0 = I,, = 5,,3(7, p) - b* - 1 
O=Z,,=J&p)-b++(-l)(-b)+b3=3b+b3 
and we get a contradiction. 
4.10. In 4.10, we assume e #O, and so a = 0 from 4.8. By a change of 
coordinates, we may assume e = 1. Then 
cp = 4bx3y + 4dxy3 + y4 + 4x32 + 12xyz2. 
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From (26) and (27), 
p - 8du* + 8bu* - 1Ouw + 16duw + 8bdw* 
T - - 5x2 -I 24bdxy + 4by2 + 24dxz - 1Oyz. 
Then 
0 = Z9 =J,,,(T, p) - 2b2 - 15d 
0 = Z,* = J&T, p) N 64b2d2 - 25b - 64d3 
O=Z,5=53,0(9, P) - -25.32.7bd2+53. 
We deduce 
d= (2/15) b* 
0 = (2”/3*. 5*) b6 - 5*b - (29/33. 53) b6 
~3-~.5-~b(2*- 13b5-33.55) 
O=(-27.7/52)b5+53= -5-2(27.7b5-55) 
and the last two equations give a contradiction. 
4.11. Up to the end, we assume f# 0, i # 0. This is the difficult case. By 
a change of coordinates, we may assume f = i= 1, without changing (21), 
(22), (23). From (24), we get c = - 1. So, up to the end, 
cp = ax4 + 4bx3y - 6x2y2 + 4dxy3 + ey4 
+ 4x32 + 4y3z 
+ 12xyz2. 
We will use the notations 
b3 + d3 = s, bd= t. (28) 
From (25), we get 
ae=4. (29) 
From (26) and (27) we get 
p N 16du* + 402~ + 16bo* + 4(8b - 5e) uw + 4(8d- 5~) VW + (16bd- 25) w* 
(30) 
T- (8ad+28b- 1Oe) x2+ (48bd-65)xy+ (8be+28d- lOa)y* 
+ (48d - 20~) xz + (48b - 20e) yz + 20~~. (31) 
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O=Z,=J,,,(z,p)h.16d(8ad+28b-lOe) 
+ 20(48bd- 65) + 16b(8be + 28d- lOa) 
+4(8b-5e)(24d-lOa)+4(8d-5a)(24b-lOe)+20(16bd-25) 
w 16(ad2+b2e)- 120(ab+de)+464bd+50ae-225. 
Taking (28) and (29) into account, we get 
23(2d2 - 3.5b) a + 23(2b2 - 3 .5d) e + 24. 292 - 52 = 0. (32) 
Multiplying (32) by a or e, and using (29), we get 
23(2d’ - 3.5h) a2 = ( -24. 29t + 5’) a - 25(2b2 - 3.5d) (33) 
23(2b2 - 3.5d) e2 = ( -24. 29t + 5’) e - 25(2d’ - 3.56). (34) 
Then, from (30 ), 
16d 20 2( 86 - 5e) 
0 = I,, = J,,,(z, p) - 20 166 2(8d-5a) , 
2(8b-5e) 2(8d-5a) 16bd-25 
whence, taking (28) and (29) into account, 
-2’. 5’(a2d + be’) + 24. 5(4d2 - 56) u + 24. 5(4b2 - 5d) e 
-28s+28t~-25.5t+53.13=0. (35) 
In (35), let us replace a2 and e2 by the values that we get from (33), (34). 
To avoid denominators, we first multiply (35) by 
23(2d2 - 3.5b)(2b” - 3 .5d) = 23( -2.3.5s + 4t’ + 32. 5’t). 
One finds 
with 
5(2b’ - 3.5d) Au + 5(2d2 - 3.56) Be + C = 0 
A = 2’d4 + 24. 5bd2 + 25 ’ 3. 52b’ - 53d 
B = 2’b4 + 24 ’ 5b2d + 25 .3 ’ 52d2 - 5’b 
C=2’“.3.5,y2+(-2’o. 17r2 - 2”. 52t + 22. 3. 54 11) s 
(36) 
+ 2”1 
Then, from (31), 
O=I,,=J3,0(7, P)” 
64 +28.5.89t3-23.54’31t2+2.32.55. 13t. 
2(8ad+ 28b - 10e) 48bd- 65 48d - 20a 
48bd - 65 2(8be + 28d- lOa) 486 - 20e 
48d - 20a 486 - 20e 40 
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whence, taking (28) and (29) into account, 
23 * 53(a3 + e3) - 24. 52 * 23(a2d+ be2) 
+ (-2E*32.7b2d+ 27.5.37d2 + 24.52. 17b) a 
+(-28.32.7bd2+27.5.37b2+24.52.17d)e 
-2a’32~7s+2a~32~7t2+25~5~13~31t-53~313=0. (37) 
If we write the condition I,, =O, we are led to very complicated 
calculations. We will proceed otherwise. Since .Z,,r(z, p) = J,, 3(z, p) = 
J3,0(r, p) = .Z2,2(r, p) = 0, we can apply to (7, p) Lemmas 2.3 and 2.4. From 
now on, we will distinguish two cases, assuming either case (i) or case (ii) 
in these lemmas. 
4.12. In 4.12, 4.13, 4.14, 4.15, we assume that we are in the case (i) of 
Lemma 2.4. Here Eq. (7) gives 
16d(24d- lOa)“+40(24d- lOa)(24b- lOe)+ 16b(24b- 10e)’ 
+ 4(86 - 5e)(24d- 10a) 20 + 4(8d- 5a) 
x(24b- lOe)20+(16bd-25)202=0 
or 
22. 52(a2d+ be2) - 
+26.32s+24 
(25 * 3.5d’ + 26. 52b 
*5.47t+53*19=0. 
) a - (2’. 3. 5b2 + 26. 52d) e 
(38) 
The combination (35) + (38) gives 
-5(2d2+52b)a-5(2b2+ 52d)e+22.5s+24t2+ 32.52t+2-53=0. (39) 
Here Eq. (3) gives 
16d(8ad + 28b - lOe)( 1/2)(48bd - 65) 
+ 20((8ad+ 28b - lOe)(8be + 28d- lOa) + (1/4)(48bd- 65)2) 
+ 166( 1/2)(48bd - 65)(8be + 28d - lOa) 
+2(8b-5e)((8ad+28b- lOe)(24b-10e) 
+ (1/2)(48bd- 65)(24d- 10a)) 
+ 2(8d- 5a)((1/2)(48bd- 65)(246 - 10e) 
+ (8be + 28d- lOa)(24d- lOa)) 
+ (16bd- 25)(24d- lOa)(246 - 10e) = 0 
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or 
+ (2’0. 3bd3 - 2’. 3.37b’d- 27. 5 ’ 23d2 + 23 ’ 52. 1096) a 
+(210~3b3d-27~3~37bd2-27~5~23b2+2’~52~109d)e 
+29.3.7s+28.3.79t2-25.5.17.29t-54.11=0. (40) 
The combination (37) + (40) gives 
-25. 53(a2d + be2) 
+(2’0.3bd3-27.3.79b2d+28,5.7d2+23.5241~13b)a 
+ (2’O. 3b3d-27.3.79bd2+28*5.7b2+23.52.11.13d)e 
-2’.3.7~+2~‘. 3 .52t2 _ 26.32.52t - 24.5X.23 = 0. (41) 
The combination -23. 5(35) + (41) gives 
Da+Ee+F=O 
with 
(42) 
D = 2’. 3bd3 -24’ 3.79b”d- 2’. 3. 5d2 + 52. 2236 
E=27.3b3d-24.3.79bd2-25-3.5b2+52.223d 
F=25.19s+27.5.13t2-23.53t-3353.37. 
4.13. In 4.13, 4.14, 4.15, we will use only (29), (32), (36), (39), (42), 
which are relations between a, b, d, e. Equations (32), (36) (39), (42) are 
linear in a and e. For some reason which will be clear later, we study first, 
in 4.13, the case where b = d. Equations (32), (39), (42) then become 
23(2b2 - 3.5b)(a + e) + 24. 296’ - 5’ = 0 (43) 
- 5(2b2 + 52b)(a + e) + 24b4 + 23. 5b3 + 32. 52b2 + 2. 53 = 0 (44) 
(2’. 3b4 - 24. 3. 79b3 - 25. 3. 5b2 + 52. 223b)(a + e) 
+27.5~13b4+2b~19b3-23~53b2-3.53~37=0 (45) 
whence 
23(2b2 - 3.5. b)(24b4 + 23. 5b3 + 32 e 52b2 + 2. 53) 
+ 5(2b2 + 52b)(24. 29b2 - 52) = 0 (46) 
23(2b2 - 3 ’ 56)(2’. 5. 13b4 + 26. 19b3 - 23. 53b2 - 3. 53. 37) 
- (2’. 3b4 - 24. 3. 79b3 - 25. 3. 5b2 + 52. 223b)(24. 29b2 - 52) = 0. 
(47) 
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One has b # 0 due to (43). So we can divide by b in (46), (47); this gives 
polynomials T,(b), T,(b) E Z[b], of degree 5; their reductions T,(b), T*(b) 
modulo 7 are 
T,(b) = 4bS + b4 + 3b3 + 4b2 - 2b - 1 E (Z/(7))[b] 
T,(b) = 3bS + 2b4 + b3 + b* + 3b - 1 E (Z/(7))[b]. 
One finds that the GCD of T,(b) and T,(b) is b + 3. So the GCD of T,(b) 
and T,(b) has a degree d 1. One verifies that b = -8 is a root of T,(b) and 
T,(b). From these facts, we deduce that -$ is the unique common root of 
T,(b) and T,(b). Replacing b by -z in (43), one finds a+ e= -4. Since 
ae=4 (Eq. (29)), one sees that a= e= -2, so that 
cp = -2x4 - 5x3y - 6x2y2 - 5xy3 - 2y4 + 4x32 + 4x32 + 12xyz’ 
=(2z-x-y)((x+y)(2x2+xy+2y2)+6xyz). 
Let us make the change of coordinates x = x’ + y’, y = x’ - y’, z = x’ + z’. 
One finds cp = 4~‘(8x’~ + 3x12z’ - 3y’*z’), and rp is unstable by 1.8. 
4.14. The matrix diag(exp(irc/3), exp( - k/3), - 1) E GL(3, C) trans- 
forms the expression of cp given at the beginning of 4.11 into 
a exp(4irr/3) x4 + 46 exp(2iz/3) x3y - 6x2y2 + 4dexp( -2in/3) xy3 
+ e exp( - 4irc/3) y4, 
+ 4x3z + 4y3z + 12xyz* 
and so transforms a, b, d, e into 
a’ = u exp( 4in/3 ), 
d’ = d exp( - 2in/3), 
b’ = b exp( 2in/3), 
e’ = e exp( - 4in/3) 
without changing the conditions k =f= i = -c = 1. If b = d, we have 
b’= d’ exp(4irr/3). If 6’ = d’, we have b = d exp(2iz/3). Taking 4.13 into 
account, one sees that, if b3 = d3, cp is unstable. In 4.15, we will then assume 
b3 - d3 # 0. (48) 
4.15. Equations (32) (39), (42) imply 
23(2d2 - 3 * 5b) -5(2& + 5*b) D 
23(2b2 - 3.5d) - 5(2b* + 52d) E =O. (49) 
24.29t-52 22.5s+24t2+32.52t+2.53 F 
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One has 
(2d’-3~5b)(2h’+5%J)-(2b2-3.5n)(2d*+5’h)= -24.5(/h&) (50) 
d’E- b”D= (b3-dd3)(24. 3.79t-5’.223) (51) 
bE-dD=(b3-d3)(27.3t-25.3.5). (52) 
Equations (5 1) and (52) imply 
(2d’-3~5b)E-(2b’-3~5d)D=(b3-d3)(2s~3~19t-2~5’~79) (53) 
(2d2+5*b)E-(2b~+5’d)D=(b3-d3)(2’.3~l79t-2.5~.463). (54) 
Develop the determinant (49) with respect to the third row. According to 
Eqs. (50) (53), (54) b3 - d3 factors out; since b3 - d3 # 0 from (48), we are 
left with 
25.5.F(-24~19f+3~5.179)-P(t)=O (55) 
with 
Equations (32), (39) (36) imply 
23(2d2-3.5b) -5(2d’+5’b) 5(2b* - 3.5d) A 
23(2b2-3.5d) -5(2b’+5’d) 5(2d’-3’5b) B =O. 
24. 29t - 5’ 2’.5s+24t”+3”.5”t+2.53 c 
(56) 
One has 
d4B-b4A=(b3-d3)(-25.3.5’s-24.5t’+53t) 
hd*B- b2dA = (b3 - d3)(28t2 - 25. 3.5*t) 
b2B-d2A=(b3-d3)(28s+24.5t-53) 
whence 
(2d*-3.56)* B-(26’-3.5d)‘A 
= (b-? - d3)(2’. 3.53$- 26. 5.7’t’ + 2’. 55. ljt _ 3’. 5’) (57) 
(2d2 + 5*6)(2d’ - 3.56) B - (2b’ + 5’d)(2b’ - 3.5d) A 
=(b3-d3)(-27.3.52.11S+26.3~52t2-22~54.31t+3.56). (58) 
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Taking (50), (57), (58) into account, Eq. (56) gives, after division by 
b3 - d3 (cf. (48)), 
2r*.3.5.7s2 + (-211 . 3~13~37t2+27~3~52.11.127t-25~3~54~173)s 
+ 213. 34t4 + 2’O. 3.5.17. 53t3 - 25. 3 . 53. 2939t* 
+22.3.52.401t+3.57.53=0. (59) 
Now, let us use Eqs. (29), (32), (39). It is east to see that three relations 
of the form ae = 4, la + pe + v = 0, A’a + ,u’e + v’ = 0 imply 
In our case, we get 
4 23(2d2-3.5b) -5(2d2+5*b) * 
23(2b2 - 3.5d) - 5(2b2 + 5’d) 
23(2d2 - 3.5b) 
+ 24 ’ 29t- 52 
-5(2d2 + 52b) 
2* * 5s + 24t2 + 32. 5?t + 2. 53 
. 23(2b’ - 3.5d) - 5(2b* + 5’d) 
24. 29t - 5’ 2*. 5s + 24tz + 32 .5*t + 2.53 
= 0, 
or 
4”.3.53s3+(-2’2. 52.11t2-2’5.53t+27~3.54.89)~z 
+(-2’6. 5t4 + 2” .3.5*. 43t3 + 27. 3. 54. 389t’ 
+25.5.23t-2.3.58.53)s 
+ 216t6 + 213 .5.193ts - 28. 5’. 7691 t4 
+ 27. 3. 54. 7. 587t3 - 22. 57. 61 . 107t* + 58. 532t = 0. (60) 
From (55), we obtain s as a rational function of t, and we insert in (59) 
and (60). To avoid denominators, we first multiply (59) and (60) by 
suitable powers of 25.5(-24.19t+3.5.179), and we get 
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P*(C)= -3P(t)3+(-26.11t2-29.5t 
+2.352.89)(-24.19t+3.5.179)P(t)’ 
+(-2’5t4+2’O. 3’5.43t3+26.3.53.389t2 
+24.23t-3.57.53)(-24.19t+3.5.179)2P(t) 
+ 24(2’6t6 + 213. 5. 193ts-2’. 52.7691t4+ 2” 3. 54.7.587t3 
- 22. 5’. 61. 107r2 + 5’. 53’t)( -24. 19t + 3.5. 179)3 = 0. 
One finds that the coefficients of t9, t8 in P2(t) are zero. So PI(t), 
P2( t) E Z [ t], deg P,(t) 6 6, deg P2( t) < 7. By reduction modulo 11, we get 
P,(t)= -t6+4t4+i3-2t2+5t-2E(Z/(ll))[I] 
P2(r)= -r7+4r6+4t5- t4-22t3-4t2 + 2fE (Z/(ll))[t]. 
We see that deg P,(t) = deg P,(t) = 6, deg P2( t) = deg Pz(t) = 7. So the 
resultant of P,(t) and P,(t) is the class modulo 11 of the resultant of P,(t) 
and P2(t). Successive divisions prove that P,(t) and P2(t) are relatively 
prime. So the resultant of P,(t) and P2(t) is not zero, and we have a con- 
tradiction. 
4.16. Up to the end, we assume that we are in the case (ii) of 
Lemma 2.4. Here Eq. (9) gives 
(8ad+ 286 - 10e) 16d.20 + (l/2)(48&-65)( 16d. 166 + 202) 
+ (8be + 28d- lOa) 20.16b 
+(24b- 10a)(16d~2(8d-5a)+20~2(86-5e)) 
+(24b-lOe)(20.2(8d-5a)+ 16b.2(8&5e)) 
+20.2(8b-5e).2(8d-5~)=0 
or 
23. 52(u2d+ be2) - (25. 3 * 5d2 + 2’. 3’. 5’h) a - (2’. 3. 5b2 + 23. 32. 52d) e 
+28.3s+28.3t2+25. 5.31t+ 53. 11 =o. (61) 
The combination 2(35) + (61) gives 
Z3. 5(2’d2 - 5. 13h) a + 23. 5(22h2 - 5. 13d) e 
+28s+28.5t2+25~5.29t+53~37=0. (62) 
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Here Eq. (13) gives 
(8ad+ 28b - 10e) 4(8b - 5e)* + (48bd- 65) 2(8b - 5e) 2(8d- 5~) 
+(86e+28d-lOa)4(8d-5a)*+(48d-20a)2(86-5e)(166d-25) 
+ (486 - 20e) 2(8d- 5a)( 16bd- 25) + 20(16bd- 25)* = 0 
or 
-2. 53(a3 + e’) + 2*. 3. 53(a2d+ be*) 
+(-2g~32b2d-26~32.5d2+24.3~52~7b)u 
+ ( - 2’ * 3*bd* - 26. 3*. 5b2 + 24. 3 .5*. 7d) e 
+28~7s+28~41t-25~5~73t-53~107=0. (63) 
The combination 2*(63) + (37) gives 
-2’. 5*(u*d+ be*) + ( -28. 33. 5b*d+2’. 5. 19d2 + 24. 52. 101b) a 
+(-28~33~5bd2+27~5~19b2+24~52~101d)e-28~5~7s 
+ 28. 227t* + 2’. 3.5.37t - 3. 53. 13.19 = 0. (64) 
The combination -25(35) + (64) gives 
(65) 
with 
G = - 24. 33b2d + 23 . 3d2 + 5 .7.196 
H= -24.33bd2+23.3b2+5.7.19d 
K= -28~3s+28~3~5~13t2+25~5~11~13t-53~13~89. 
4.17. Up to the end, we will use only (29), (32), (36), (62), (65), which 
are relations between a, 6, d, e. Equations (32), (36), (62), (65) are linear in 
a and e. If b = d, Eqs. (32), (62), (65) become 
23(2b2 - 3.5b)(u + e) + 24. 29b2 - 5* = 0 (43) 
23~5(22b2-5~13b)(u+e)+28~5b4+2gb3+25~5~29b2+53~37=O (66) 
24. 5( - 24. 33b3 + 23. 36’ + 5.7 .19b)(u + e) + 28. 3 .5 9 13b4 - 2’. 3b3 
+25.5.11.13b2-53.13.89=0, (67) 
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(2b2 - 3. 5b)(28. 5b4 + 29b3 + 2’. 5.29b’- 53. 37) 
- 5(2”b’-5. 13b)(24.29b’- 52)=0 (68) 
(2b’-3~5b)(2R~3~5~13b4-29~3b3+25~5~11~13b2-53~13~89) 
-2.5(-24.33b3+23.3b2+5.7.19b)(24.29b2-52)=0. (69) 
One has b # 0 due to (43). So we can divide by b in (68), (69); this gives 
polynomials U,(b), U,(b) E Z[b], of degree 5; their reductions U,(b), 02(b) 
modulo 11 are 
D,(b)= -3bS-4b4-2b3-2b”+4b-5E(Z/(ll))[b] 
U2(b)=4b5+5b4-b3-3b’-5E(Z/(ll))[b]. 
One finds that the GCD of B,(b) and O,(b) is b +4. As in 4.13, one 
deduces that (68) and (69) have the unique common root -2, and that (D is 
unstable. By the same argument as in 4.14, one sees that we ma: 
up to the end, that (48) is satisfied. 
4.18. Equations (32), (62) (65) imply 
23(2d2 - 3.5b) 23. 5(22d’ - 5.13b) 24. 5G 
23(2b’ - 3.5d) 23. 5(22b2 - 5.13d) 24. 5. H 
24. 29t - 5? 2’~+2~.5?+2~.5.29t+5~.37 K 
assume, 
= 0. 
By computations, analogous to those of 4.15, and after dividing by 
b3 - d3 (cf. (48)) we get 
2Rs(-25.33t+5.317)-Q(t)=0 (70) 
with 
Q(t,=2’3.33.5t3-28.52. 13.47t’+27.54.67t- 5”. 59.89. 
Equations (32) (62), (36) imply 
2’(2d’- 3.56) 23. 5(22d2 - 5. 136) 5( 26’ - 3 .5d) A 
23(2b2 - 3.5d) 23. 5(22b’ - 5.13d) 5(2d2 - 3.56) B = 0, 
24. 29t - 5? 28s+28.5tZ+25.5.29t+53.37 c 
whence, after dividing by b3 - d’, 
-21~.3~.5s’+(-214. 5.41t’+28.52.1663t-24.3.54.7.47)s 
+ 212 .7. 37t4 - 2R. 3 .5 .41 . 59t3 
+24.53.79.163t2-3.55~41.73t+3.57.31=0. (71) 
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Equations (29), (32), (62) imply 
23(2d2-3.5b) 23.5(22d2-5.13b) 
+ 24.29t-52 28s + 2*. 5t2 + 25. 5.29t + 53. 37 
23(2b2 - 3.5d) 
x 24.29t-52 
23. 5(2*b2 - 5.13d) 
28s+28.5t2+25.5.29t+53.37 
=o 
or 
+ 216. 52t6 + 214 * 3*. 54t5 - 29. 3 . 54. 17 . 47t4 + 26. 3 . 56. 787~~ 
-57~39971t2+22~58~312t=0. (72) 
We draw s from (70) and insert in (71), (72). To avoid denominators, we 
first multiply (71), (72) by suitable powers of 2*( -25. 33t + 5. 317), and we 
get 
Q2(t)=-3.5Q(t)3+(-2’0~37t2+24~54~llt-54~11~13) 
x ( -25. 33t + 5.317) Q(t)* 
+2(-215. 5.71t4+211 * 53. 347t3 - 2’. 53 * 13.1201t2 
+23.32.55.23.67t-2.3.57.13.31)(-25.33t+5.317)2Q(t) 
+ 29(216. 5*t6 + 2 14.32. yy -29.3.54.17. gt4 
+ 26. 3. 56. 787t3 - 5’. 39971 t* 
+22.58.312t)(-25.33t+5.317)3=0. 
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One finds that the coefficients of t9, t* in Q*(t) are zero. So Q,(t), 
Q2(t) E Z[t], deg Q,(t) d 6, deg Q,(t) < 7. By reduction modulo 17, we get 
o,(t)=2t6-7tS+2t4-8t3+4t2+6t-4e(Z/(17))[t] 
oz(t)= -2t7+6t6-3t5+t4-t3+3t2-3t-4e(Z/(17))[t]. 
Successive divisions prove that PI(t) and 02(t) are relatively prime. The 
same argument as in 4.15 gives a contradiction. 
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